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k is an algebraically closed field and by a variety we mean a quasi-projective k-variety.

1

Basic Theory

. Find the multiple points, and the tangent lines at the multiple points, for each

of the following curves:

(a) Y3 — Y24 X3~ X2 4 3XY2+3X%Y +2XY; [6]
(b) X1+ Y- X2Y2. [6]

. Show that an irreducible curve in P? has at most finitely many singular points.

8]

. Show that any nonsingular cubic curve C' in P% is equivalent to the cubic defined

by
v’z =a(z — 2)(z — \2),

for some A\ € k\ {0,1}. [10]

. For X and T two k-varieties, let

X(T):={f:T — X|f morphism}.

If f:X — Y is a morphism of varieties , define fr : X(T) — Y(T) by the

formula fr(g) = fog.

(a) Show that f is an isomorphism if and only if fr is a bijection for every
variety T [5]

(b) Show that intersection of two affine open subvarieties U, V' of a variety X is

again an affine variety. [5]

(c) Show that f: X — Y is an isomorphism if and only if fr is a bijection for
all affine varieties T'. [7]

. (Local ring of a subvariety) Let Y C X be a subvariety.

(a) Let Oy x be the set of equivalence classes < U, f > where U C X is open
with U N'Y non empty, and f is a regular function on U. We say that
<U f>~<V,g>it f=gonUNV. Show that Oy x is a local ring. Show
that for any irreducible curve C' in A?, the local ring O¢ 42 is a D.V.R. [6+5]



(b) Let x(Y, X) be the set of equivalence classes < U NY, f > where U C X is
open with U N'Y non empty, and f is a regular function on U N'Y. We say
that <UNY,f >~<VNY,g>if f=gonUNVNY. Show that the
residue field of Oy x is isomorphic to (Y, X). [5]

(c¢) Construct an example of a two dimensional variety X and a subvariety
Y C X of dimension 1, such that Oy x is not a D.V.R. [7]



